Abstract-In this paper, we present a cognitive radio (CR) based statistical framework for a two-tier heterogeneous cellular network (femto-macro network) to model the outage probability at any arbitrary secondary (femto) and primary (macro) user. A system model based on stochastic geometry (utilizing the spatial Poisson point process (PPP) theory) is applied to model the random locations and topology of both secondary and primary networks. A considerable performance improvement can be generally achieved by mitigating interference, in result of applying the CR idea over the above model. Novel closed form expressions are derived for the outage probability of any typical femto and macro user considering the Nakagami-m fading for each desired and interference links. We also study the effect of some important design factors which play vital roles and are usually ignored in determination of outage and interference. We conduct simulations to evaluate the performance of our proposed schemes in terms of outage probability for different values of signal-to-interference-plus-noise-ratio (SINR) target.
network among themselves, the cross-interference from femto to macro network and vice versa) in perfect and imperfect spectrum sensing CR based femto networks, considering simultaneously the Nakagami fading, the Poisson point process (PPP) model, and some important design factors which play vital roles in determination and mitigation of outage and interference. (2) This article provides an insight into the role of CR in interference mitigation in orthogonal frequency-division multiple-access (OFDMA) two-tier heterogeneous networks. (3) Tight closed form expressions are derived for the outage probability of any typical femto and macro user considering the Nakagami fading (Rayleigh fading assumption is used in many studies to relax the difficulty of addressing a closed form expression for the outage probability (see, e.g., [6] , [7] )) for all the communication links (desired and interfering links).
II. SYSTEM MODEL

A. Model Description
We consider infinite spatially collocated macro-BS and femto-BS node heterogeneous networks. It is assumed that the spatial distribution of the nodes is captured using two collocated and independent homogenous Poisson point processes (HPPPs) [5] , [8] i.e., and with intensities and , respectively. In other words, the location of the nodes of the macro-BS constitutes an HPPP , where is the average number of the macro-BS nodes per unit area. Similar statement can be made for the HPPP formed by the femto-BS nodes with intensity . Note that by the Superposition Theorem [9] , the overall network formed by both the primary (macro-BS) and secondary (femto-BS) nodes also follow an HPPP with intensity ( ). Furthermore, the macro and femto users are scattered over the plane according to some independent PPPs with different densities than and , respectively. However, our interference analysis is fundamentally concerned with the distribution of the transmitters (base stations).
Since femto-BSs are installed and maintained by the paying home users for better indoor performance, they are only accessible by their own mobile subscribers (femto users) (known as closedaccess policy). On the other hand, macro-BSs can be accessed only by unauthorized users (macro users). In practice, macro network is deployed usually without awareness of the distributed femto network. To this end, wireless operators can consider giving priority to the macro users, and the femto network has to be selfoptimized to mitigate its interference to the macro users. Motivated by this insight, the macro-BSs (along with the macro users) and the CR enabled femto-BSs (along with the femto users) are analogous to primary and secondary systems in the CR model, respectively.
B. System Structure
In OFDMA, the spectrum is orthogonally divided into timefrequency resource blocks (RBs), which increases flexibility in resource allocation, thereby allowing high spectral efficiency. As shown in Fig. 1 , we consider a spectrum of RBs, out of which ( ) random RBs are idle or unoccupied by the macro users (primary system). With the CR capability, a femto-BS could actively acquire knowledge about its environment and access to 978-1-4799-3512-3/14/$31.00 ©2014 IEEE Globecom 2014 -Wireless Communications Symposium the RBs without the aid of a macrocell in a decentralized fashion (clearly, no synchronization between the macro and femto network is needed any more) and automatically prevent disturbing the macro users [1] . 1) As shown in Fig. 1 , each femto-BS's transmission strategy is divided into consecutive slots, each having a duration of . Each slot is divided into two consecutive stages, i.e., sensing and data transmission, with durations of and , respectively. Each femto-BS periodically senses the channel to identify which RBs are occupied by the macro network. Indeed, each femto-BS accomplishes sensing one RB in one unit slot within . Each femto-BS senses RBs in sequence, which are randomly selected from the available RBs, and detects its idle RB set. Clearly, the time required for sensing the RBs is . Note that the femto-BSs cannot perform data transmissions within the sensing time . We assume that all femto-BSs are perfectly synchronized and have the same time as the sensing time.
2) Each femto-BS senses the received interference power on each RB within the sensing duration.
-If the received interference power on an RB exceeds a certain threshold, the RB is identified as being occupied by the macro network since all femto-BSs sense at the same time.
-Otherwise, the RB is unoccupied by the macro network.
3) In the data transmission time ( ), each femto-BS only allocates an unoccupied RB sensed in the sensing time to its user (by only utilizing these unoccupied RBs, cross-tier interference can be consequently avoided). Since the determination of each individual RB status as busy/idle is subject to (occasional) error, determined by the probability of (correct) detection of the presence of PUs' signals and probability of false alarm (probability of falsely declaring an idle RB as busy), we study the effect of both the ideal detection, i.e., and , and the cases involving imperfect sensing, i.e., and on the outage probabilities of femto and macro users.
. STOCHASTIC GEOMETRY BASED NETWORK CONFIGURATION
A. Femto Outage Probability Formulation
We derive the probability of outage for a typical femto user ( ) defined as the probability that a randomly chosen femto user cannot achieve a target SINR considering a collocated spectrum sensing CR based femto network and macro-BSs as follows [5] :
In fact, the outage probability evaluates the CDF of SINR over the entire network. The experienced SINR by a typical femto user is calculated as where is the transmission power from the nearest femto-BS (tagged femto-BS) located in the random distance from its tagged femto user (we assume that the tagged femto user under consideration is located at the origin), and is the path-loss exponent. and are the aggregate interference power at the origin from the other femto-BSs and macro-BSs, respectively, and is the noise power. When the fading distribution is Nakagamifor the communication channel between the tagged femto user and its corresponding femto-BS, the probability density function (pdf) of the power fading coefficient is as follows Fig. 1 . The CR femto-BS's transmission strategy in one time slot Fig. 2 . (a) The bipolar network model. As shown, for example, those femtoBSs located in the tagged macro user's exclusion region are not allowed to transmit data whether they pick the same RB as the tagged macro user or a different one. The tagged macro user is not disturbed by the femto-BSs transmitting on a different RB even if they are inside its exclusion region. However, we deactivate them to prevent the tagged macro user from any harmful interference in result of sudden appearance of them on the same RB in next time slots. We consider this law throughout the paper even in the case of perfect sensing scenario. (b) The link gains/distances, and Nakagami parameters where describes the severity of the fading for the desired link, and is the average SNR. By changing , we can get a variety of fading conditions. For example, if , then the desired link suffers from Rayleigh fading, and means that there is no fading. Note that we will represent the Nakagami fading parameters for each communication link, separately (see Fig. 2, (b) ). Even though the fading power gain distributions are identical, we will still use different symbols to distinguish all the existing links for the sake of analytical convenience.
Here, we derive the CCDF of SINR as follows
Considering the pdf of the power fading coefficient and the incomplete Gamma function (Note that ∫ indicates the incomplete Gamma function), we have
where .
We know that ∑ ( is a positive integer). Therefore, [ ] is simplified as follows
From (3) and (4) we have
Finally, the CCDF of SINR when the fading distribution is Nakagamifor the communication channel between the tagged femto user and its corresponding femto-BS is given by Note that, due to the assumption of independent PPPs for the femto and macro networks, the aggregate interference received from the femto-BSs is independent of the aggregate interference received from the macro-BSs [7] , therefore, we can write Therefore, (6) can be rewritten as follows
Now, it is time to calculate the closed-form expressions for and (at ).
The Laplace transform of the aggregate interference (from all the active femto-BSs except the tagged femto-BS denoted by ) is given as follows (Note: some of the femto-BSs located in the macro users' exclusion regions are deactivated, therefore, (see Fig. 2 ))
where is the distance of the th interferer from the tagged femto receiver captured by the point process . The interference channel gains are assumed to be mutually independent and have identical pdfs (Nakagami-). Each of the active interfering femto-BSs transmits with the same power . Using the definition of the Generating functional [5] for the PPP, which states for some function that ∏ ∫ , (9) can be rewritten as
where we flipped the order of integration and expectation. Since the closest interfering femto-BS is at least at distance from the tagged user, the integration limits are from to . In other words, interference is encountered from all the active femto-BSs located in the area (where is ball of radius centered at point ). Therefore, not all the femto-BSs will contribute towards the aggregate interference, i.e., only those active femtoBSs which are outside the mentioned ball and at minimum satisfy all of the following conditions qualify as potential contributors.
Before explaining these conditions ((a) and (b)), it is useful to translate the point process into polar coordinates. Therefore, according to [8] and [9] the intensity of the HPPP is shown as where is the distance between an arbitrary femto-BS and the tagged femto receiver. is the volume of a unit sphere in
Gamma function).
(a) Satisfying the aforementioned condition, any active femto-BS contributes towards the interference at the tagged femto receiver, if it picks the same RB as the tagged femto-BS to communicate with its user (we show the probability of picking a same RB from a pool of all RBs as ).
(b) We assume that the CR femto-BSs employ a slotted ALOHA MAC (medium access control) protocol to schedule their transmission. Therefore, they only transmit with probability in the current time slot and defer the transmission with probability .
Applying both the (a) and (b) conditions (which will result in reducing the number of interferers and hence outage probability at the tagged femto user), is thinned using two independent thinning. Indeed, first, is reconstructed by -thinning, where each point of is retained with probability (to accommodate the condition (a)), and then it is thinned again by applying the other independent thinning (to accommodate the condition (b)). Thus, the intensity of the process (the number of the interfering CR femto-BSs) becomes Now, (10) is rewritten as
By changing the variables and then , and doing some simple calculations, the above expression is simplified as:
Similar with the desired link, we consider the Nakagami power fading model for the femto interfering links, as well (Nakagami fading links with equal parameters and ). Then, following the derivations in Appendix I, is expressed as follows
Using the similar approach, the Laplace transform of the aggregate interference generated by the macro-BSs at the tagged femto user is obtained as follows
where is the distance of the interfering macro-BS from the tagged femto receiver captured by the point process . The interference channel gains are assumed to be mutually independent and have identical pdfs (Nakagami-). Each of the active interfering macro-BSs transmits with the same power . Again, using the definition of the Generating functional for the PPP, we can write
The interference is encountered from all the macro-BSs located in the area . It should be noted that not all the macroBSs in will contribute towards the aggregate interference, i.e., only those macro-BSs transmitting on the same RB as the tagged femto user, qualify as potential interferers. The intensity of the HPPP process can be therefore written as follows where is the distance between an arbitrary macro-BS and the tagged femto receiver and is the intensity of those macro-BSs transmitting on the same RB as the tagged femto user at a time. Now, (17) is rewritten as
By changing the variables and doing some simple calculations, is obtained as follows [9] ( )( (8), (13), and (19) and by replacing , and , the closed form expression for the outage probability of the tagged femto user is obtained as follows
, and is given by (22).
The probability of outage averaged over the plane is derived as
where is the pdf of [5] . Here, for example, we present the ̅̅̅̅̅ in closed form expressions for , and (the amount of directly affects the integral calculations in (23) and can only be positive integers, however, and can take any values (integer or non-integer) bigger than 0.5 without changing the integral derivations in (23)):
: ̅̅̅̅̅ : ̅̅̅̅̅
It should be noted that in all the above expressions , and (operating in an interference-limited regime). For , obtaining ̅̅̅̅̅ is also quite easy due to the fact that ( ) is a factor common to every term of the all derivatives of ( ).
B. Macro Outage Probability Formulation
We derive the outage probability for a typical macro user ( ) defined as the probability that a randomly chosen macro user cannot achieve a target SINR , considering a collocated spectrum sensing CR based femto network and macro-BSs as follows:
The experienced SINR by a typical macro user is calculated as where is the transmission power from the nearest macro-BS located in the random distance from its tagged macro user, and is the path-loss exponent. and are the aggregate interference power to the tagged macro user (located at the origin), from the surrounding femto-BSs and macro-BSs, respectively, and is the noise power. When the fading distribution is Nakagamifor the communication channel between the tagged macro user and its corresponding macro-BS, the pdf of the power fading coefficient is as follows where (a positive integer) is the fading parameter for the desired link, is the average SNR. Then the similar approach to obtain the outage probability of the tagged femto user is used for the outage probability calculation of the tagged macro user. Therefore, from (24) and (25) Taking a similar approach to what we had before, is obtained as follows
and in which is the distance between an arbitrary macro-BS (captured by the point process ) and the tagged macro receiver, and is the intensity of those macro-BSs transmitting on the same RB as the tagged macro user at a time. As before, the interference channel gains (between the interfering macro-BSs and the tagged macro user) are assumed to be mutually independent and have identical pdfs (Nakagami-). Each of the active interfering macro-BSs transmits with the same power as for the tagged macro-BS. It should be noted that only those macroBSs operating on the same RB as the tagged macro user and located in the area make interference to the tagged macro user.
Same as before, (27) is simplified as
The Nakagami power fading model is also applied for the interference links (Nakagami fading links with equal parameters and ). Using the same approach as in Appendix I, is expressed as follows
Taking the similar approach, is also given by
Since the closest interfering femto-BS is at least at distance from the tagged macro user, the integration limits are from to . In other words, interference is encountered from all the femtoBSs located in the area (see Fig. 2 ). It should be noted that not all the femto-BSs outside this ball will contribute towards the aggregate interference, i.e., only those femto-BSs which are outside the mentioned ball and at minimum satisfy all of the following conditions, are considered as potential contributors (c) Satisfying the above condition, any arbitrary femto-BS contributes towards the interference at the tagged macro receiver, if it wrongly picks the same RB as the tagged macro-BS to communicate with its user (we show the probability of picking a same RB for data transmission from a pool of all RBs as ). Applying these two independent thinning, the intensity of the process (the number of the interfering CR femto-BSs at the tagged macro user) becomes Taking the similar approach, (31) is simplified as follows ( ) in which
The Nakagami power fading model is also applied for the interference links (Nakagami fading links with equal parameters and ). Using the similar approach as in Appendix I, is also expressed as follows
Finally, from (26), (29), and (33) and by replacing , and , the closed form expression for the outage probability of the tagged macro user is obtained as follows
] in which ( ) , , and is given by (36). The probability of outage averaged over the plane can also be derived as
where is the pdf of . Such as before, ̅̅̅̅̅ can be easily obtatind for .
C. Outage Probability Formulation Under Perfect And Imperfect Sensing
We now study the effect of both the ideal detection, i.e., and , and the cases involving imperfect sensing, i.e., and on the outage probabilities of femto and macro users.
Scenario I
Ideal detection ( and ): Each secondary node (femto-BS) has perfect knowledge of each primary (macro-BS) signaling. In other words, sensing at each femto-BS is done perfectly. Therefore, RBs occupied by the macro network are not chosen by any femo-BS for data transmission. In this case, the tagged femto user does not experience any interference from the macro-BSs. This assumption ( and ) is reasonable in the scenarios where interference from other systems is assumed to be negligible. Therefore, under this assumption, and (in (7)), consequently. Then, for the outage probability of the tagged femto user in (21), is only equal to (see (22)). It should be noted that the calculation of which is a function of the sensing parameters (such as , , , …) is not explained in this paper. Clearly, under this scenario, and considering the above explanations, the tagged macro user does not experience any interference from the surrounding femto-BSs. Therefore, for the outage probability of the tagged macro user in (35), is only equal to (see (36)).
Scenario II
Imperfect detection ( and ): In this scenario, each secondary node (femto-BS) has imperfect knowledge of each primary (macro-BS) signaling. In other words, sensing at each femto-BS is done imperfectly and subject to (occasional) error. Therefore, RBs occupied by the macro network may be wrongly chosen by the femo-BSs, as well. Two cases can take place under the imperfect sensing scenario: Case 1. The tagged femto-BS transmits data on an idle RB (in this case, the outage probability formulations (for both the tagged femto and macro users) are the same as in the perfect sensing scenario, except the calculation of which is a function of the sensing parameters (such as , , , , … ).
Case 2. The tagged femto-BS transmits on an occupied RB (in this case, the outage probability formulations for both the tagged femto and macro users are explained as follows, and the calculation to which we do not pay attention in this paper is different with the above case and previous scenario.
In Case 2, the tagged femto user can experience interference from both the active femto-BSs (which pick the same occupied RB as the tagged femto-BS) and macro-BSs. Then, for the outage probability of the tagged femto user in (21), is equal to (see (22)). Clearly, under this scenario, and in Case 2, the tagged macro user can experience interference on its RB, from both the femto-BSs and macro-BSs. Indeed, for the outage probability of the tagged macro user in (35), is equal to .
IV. SIMULATION RESULTS AND DISCUSSIONS
In Fig. 3 , the outage probability of the tagged femto user under perfect and imperfect spectrum sensing abilities for all the CR femto-BSs is shown for different values of the target SINR on the horizontal axis. Our results show that the outage probability at the tagged femto receiver in the absence of a perfect spectrum sensing ability is considerably increased. In either the Scenario , when all the femto-BSs employ perfect sensing to sense the RBs, or in Scenario II, Case 1, the tagged femto user does not experience any interference from the macro-BSs owing to the correct detection at the tagged femto-BS or choice of idle RBs for data transmission (RBs not occupied by the macro network). 
In this case, the interference seen by the tagged femto user is only the aggregate interference from the other femto-BSs which are transmitting on the same idle RB as the tagged femto. Clearly, the lowest probability of outage is for the case of perferct sensing ( in (22)). Now, let's consider the imperfect sensing scenario for all CR femto-BSs. Obviously, the tagged femto user is now subject to sensing error and therefore picking an occupied RB for its data transmission period. Under this condition, it may receive interference not only from the other femto-BSs which pick the same busy RB (due to the imperfect sensing), but also from those macro-BSs communicating with their own users on the same RB as the tagged femto. Therefore, the tagged femto user experiences an interference larger than before, and consequently a significant increase in the outage probability. Moreover, the tagged femto user will face an outage with a higher probability whenever it picks an RB (occupied RB) already used by a larger number of macro users (a larger ) (see Fig. 3 ). Fig. 4 depicts the outage probability of the tagged macro user for different values of the target SINR and different situations. Considering the results obtained in Fig. 3 , here, we also investigate the effect of employing the two different sensing scenarios for the CR femto-BSs on the outage probability of the tagged macro user. In the case of perfect sensing, the tagged macro user does not experience any interference from the femto-BSs because only those RBs sensed to be idle (RBs not occupied by the macro network) are always chosen for data transmission by the femto network. In this case, the interference observed at the tagged macro user is only the aggregate interference received from those macro-BSs transmitting on the same RB as the tagged macro. Clearly, the lowest probability of outage is obtained for this case ( in (36)). Now, the case of imperfect sensing of the all CR femto-BS nodes is considered when the femto-BSs are subject to sensing error and therefore the possibility of transmitting on the RB occupied by the tagged macro. Under this condition, the tagged macro user may receive interference not only from the other macro-BSs communicating with their own users over the same RB (due to the lack of RBs) as the tagged macro, but also from those femto-BSs which pick the same RB. Therefore, the tagged macro user experiences an interference larger than before and consequently a significant increase in the outage probability. Moreover, the tagged macro user will face an outage with a higher probability whenever its own RB is wrongly selected for data transmission by a larger number of femto-BSs (a larger ).
For a commercial network, designers must find a way to achieve a lower probability of outage for a certain SINR as the minimum quality needed for a typical femto or macro user to experience an acceptable quality of service (QoS). A common way to decrease the outage probability is to reduce the number of interfering BSs encountered at the users. This can be done through applying both the (a) and (b) conditions in the perfect sensing scenario (or both the (c) and (d) in the imperfect sensing scenario). As shown in Fig. 5, (a) , under these constraints the outage probability is significantly reduced at the tagged femto user (note that the number of interfering macro-BSs at the tagged femto user is considered equal for all the curves in the figure) . The goal is to see the effect of both and (these two parameters are employed at each CR femto-BS) on the outage probability of the tagged femto user. As it is seen, for the case when and , outage occurs with higher probability. In other words, when all the existing femto-BSs (except those who are inside the macro users' exclusion regions) pick the same RB as the tagged femto (
) and when they all have data to transmit in the current time slot ( ), the tagged femto user will experience the maximum value for the outage probability derived for different SINR targets. Clearly, a significant reduction in the outage probability is occurred for the smaller values of and (see Fig. 5, (a) ) (the smaller the values of and , the closer the outage probability curve becomes to the black curve which represents the outage probability in the case when the received interference at the tagged femto user is only the aggregate interference from the macro network). Indeed, this validates that many studies which do not consider these constraints, overestimate the interference encountered by a typical femto user.
It can be seen that even for high values of , the outage probability is relatively less than that in the case where there is no constraint on the femto-BS's transmission schedule ( ). Also, it is obvious that in the presence of multiple RBs where each RB is picked with probability , the outage probability is further decreased. The same story exists when the outage probability of the tagged macro user is investigated. Fig. 5, (b) shows the effect of and on the outage probability of the tagged macro user. For instance, when all the active femto-BSs select the same RB as the tagged macro (
) and when they all have data to transmit (on this busy RB) in the current time slot ( ), the tagged macro user will experience the maximum value for the outage probability. It should be noted that the number of interfering macro-BSs at the tagged macro is considered equal for all curves in this figure. Fig. 6 , (a) plots the outage probability versus the SINR threshold for the tagged femto user. As increases, the outage probability of the tagged femto user decreases. This is because as the fading becomes less severe (the bigger the Nakagami-m parameter, the smaller fading) for both the desired and interfering links of the femto network, the received power at the tagged femto user from its corresponding femto-BS increases more compared to the total received power from all the interferering femto-BSs. It should be noted that and (the scale parameters) are fixed for all the curves. The interfering links between the interfering macro-BSs and the tagged femto user are more likely to be severe in terms of fading compared to the femto network's desired and interfering links. In other words, the interfering signals received at the tagged femto user originated by the macro-BSs suffer more serious fading than the received signals from the femto-BSs, in particular when we talk about indoor femto users. Similar arguments and statements can also be made about the outage probability of the tagged macro user observed in Fig. 6, (b) . 
(a) (b) Fig. 5 . Effect of and (the defined parameters for the CR femto-BSs) on outage probability of the tagged femto (in (a)) and macro (in (b)) user in the presence of both the macro and femto-BSs. The system parameters are set as , ,
(a) (b) Fig. 6 . Impact of Nakagami parameter of on outage probability of the tagged femto user in (a) and tagged macro user in (b) in the presence of both the macro and femto-BSs. The system parameters are set as , , ,
V. CONCLUSION
In this paper, utilizing the spatial Poisson point process (PPP) theory, we presented a tractable model to derive the outage probability of a typical femto and macro user in a two-tier heterogeneous network which provides insight into system design guidelines. In other words, for the case of the node locations modeled by a PPP and Nakagami-m fading channels, we demonstrated the use of the cognitive radio (CR) based framework to evaluate the outage probability at any arbitrary user. Exact closed form expressions were obtained as a result. In addition, we observed that in the downlink analysis, the outage probability is a function of the network topology and several important system design parameters such as signal-to-interference-plus-noise-ratio (SINR) target, exclusion regions, MAC (medium access control) mechanisms such as ALOHA ( ), and the resource block (RB) selection constraint ( ) which is controlled by the spectrum sensing measurements. 
Hence, we have the obtained expression in (15).
